This paper is devoted to the study of equations solution describing the axisymmetric motion of a viscous heat-conducting liquid. The motion is interpreted as a two-layer flow of viscous heat-conducting liquids in a cylinder with a solid wall and a common movable non-deformable interface. From a mathematical point of view, the arising initial-boundary value problem is nonlinear and inverse. Under certain assumptions concerning to apply the problem is replaced by a linear one. As a result, the unimprovable uniform priori estimates for solutions of the problems posed are obtained.
Introduction
It is well known that a motion can arise in a non-uniformly heated liquid. In some applications of liquid flows, a joint motion of two or more fluids with surfaces takes place. If the liquids are not soluble in each other, they form a more or less visual interfaces. The petroleum-water system is a typical example of this situation. At the present time modelling of multiphase flows taking into account different physical and chemical factors is needed for designing of cooling systems and power plants, in biomedicine, for studying the growth of crystals and films, in aerospace industry [1] [2] [3] [4] .
The stationary solution of the Navier-Stokes equations describing the 2D motion of a pure viscid incompressible heat-conducting fluids in the absence of mass forces was found for the first time by [5] . It describes the liquid impingement from infinity on the plane under the no slip condition on it. In the paper [6] , this solution for the flow between two plates or for the flow in a cylindrical tube was applied.
The monograph [7] presents the results of specific non-stationary motions studies of a binary mixture with allowance for the effect of thermal diffusion arising in sufficiently long plane and cylindrical layers. The properties of invariant solutions of thermal diffusion equations are considered, when the surface tension on the interface of two mixtures depends linearly on temperature and concentration. A generalization of the Ostroumov-Birich solutions to the motion of mixtures in a cylindrical tube is given.
The problem statement
We will consider at the following linear conjugate inverse initial-boundary problem v 1t = ν 1
5)
v 1 (r, 0) = 0, v 2 (r, 0) = 0, (1.6)
and the closed conjugate problem for functions a j (r, t) is described the following equations:
Here µ j is dynamic viscosity coefficient (index j = 1, 2 is number of the liquid), ρ j is the density, ae = −dσ/dθ = const, σ(θ) is the surface tension coefficient, χ j и k j are the coefficients of thermal diffusivity and conductivity, respectively. The functions v 1 (r, t), a 1 (r, t) are limited at r = 0 for all values of time. The system (1.1)-(1.11) describes the two-layer motion of viscous heat-conducting fluids in a cylinder with a solid side surface r = R 2 = const and the common interface
The problem (1.1)-(1.11) is obtained from general equations describing the axisymmetric motion of a viscous heat-conducting fluid in the absence of mass forces, if the Marangoni number
where T is constant. The constant a 1 R 2 2 is the characteristic temperature along a solid wall. In this case, the velocity, pressure, and temperature fields are described by the formulas
where u j (r, z, t) and w j (r, z, t) are the projection of the velocity vector on the axis r and z of the cylindrical coordinate system, p j (r, z, t) is the pressure that satisfies the relation
The temperature field is sought in the form
The temperature has extreme at the point z = 0. It has a maximum at a(r, t) < 0 and minimum at a(r, t) > 0. We note that the problem posed is inverse, since together with v j (r, t), a j (r, t), b j (r, t), h(t) the functions f j (t) should be found. The functions u j (r, t) are determined by the equalities
With known u j (r, t), a j (r, t), the problem for functions b j (r, t) is separated. The functions d j (r, t) are reconstructed by quadratures from (1.13). The interface is described by the formula
The second equation in (1.3) and the final formula (1.7) allow us to find the pressure gradients along the axis z, i. e., the functions f j (t).
Estimates of the function a j (r, t)
Since the function a 1 (R 1 , t) is included in the statement of the problem for v j (r, t), it is necessary to begin with an estimate a j (r, t) satisfying the initial boundary-value problem (1.8)-(1.11). For smooth solutions, the following matching conditions should be satisfied:
Then the boundary condition (1.10) for the functionā 2 (r, t) becomes homogeneous. It satisfies the inhomogeneous equation
where the prime denotes differentiation with respect to t. Conditions (1.11) for the functions a 2 (r, t), a 1 (r, t) remain unchanged. We multiply equation (1.8) (j = 1) by ρ 1 c p1 ra 1 (r, t) and multiply equation (2.4) by ρ 2 c p2 ra 2 (r, t), where c pj are the specific heat of liquids at constant pressure. Then, integration the equation obtained over the intervals of definition and adding up, leads to the integral equality (k j = ρ j c pj χ j )
with function
The solutions of equations (1.8) are sought in the intervals: 0 < r < R 1 at j = 1 and
with positive constant M 0 . We obtain that using inequality (2.7), the left-hand side of equation (2.5) is greater than or equal to
For the right-hand side we have estimate from above
(2.9)
Further we obtain the inequality from inequalities (2.8) and (2.9)
.
(2.10)
Then from (2.10) it follows that
here A 0 is value of function A(t) at t = 0:
where A(t) satisfies the estimate (2.11). Let us prove the limitations of the integrals
To do this, we raise equations (1.8) (j = 1), (2.4) to the second degree then multiply them by ρ 1 c p1 r, ρ 2 c p2 r respectively, integrate over their domains r and t, we sum the results. We obtain another integral identity 
Hence we obtain the estimate
From the replacement (2.3) we find the estimate
Remark 2. If we differentiate with respect to time equations (1.8) (j = 1), (2.4) and the boundary conditions, then in the same way we obtain the estimate
Here the function A 4 (t) differs from A(t) in that, in (2.6) their second derivatives with respect to time from functions a 1 (r, t),ā 2 (r, t) are instead of this functions. The function 
For a 1 (r, t) we obtain the problem at 0 < r < R 1 
with function A(t), A 1 (t) from (2.6) and (2.16) respectively.
Estimates of the function v j (r, t)
We turn to obtaining a priori estimates of the functions v j (r, t) that satisfy the equations (1.1), (1.2), boundary conditions (1.3)-(1.5) and initial data (1.6) . In order to make boundary condition (1.4) homogeneous, we make the change of the function v 2 
The polynomial of the fourth order P 4 (r) satisfies the following conditions: 1) P 4 (R 1 ) = 0,
rP 4 (r)dr = 0. We take
with constants
We explain the construction of the polynomial P 4 (r) briefly. The polynomial
we obtain the equality R 1 C 1 + C 2 = 0. The another equation for C 1 and C 2 follows from equality 3): 
(3.4)
Taking into account the second condition in (1.6) we find the initial data for the functionv 2 :
5)
We multiply equation (1.1) by rρ 1 v 1 , equation (3.4) by rρ 2 v 2 , integrate them through domain and sum the results. We obtain
The first condition in (1.3)-(1.5), and equality (1.7) are used to derive identity (3.6).
The left-hand side of (3.6) is greater than or equal to
with the constant M = R 2 1 (µ 1 x 2 0 ) −1 , where x 0 is the smallest positive root of the described above transcendental equation (2.5) 
From (3.7) and (3.8) we obtain the inequality
with the constant δ = M −1 min(ρ −1 1 , ρ −1 2 ). From (3.9) we find the estimate of function E(t):
10)
where, according to the first equality in (1.6) and (3.5),
Thus, the estimates of the quantities v 1 andv 2 in L2-norms ∀t ∈ [0, T ] follow from (3.10) where α(t) and α ′ (t) are given.
To evaluate the derivatives of v 1r ,v 2r in L2-norm we multiply (1.1) by rρ 1 v 1t and equation (3.4) by rρ 2v2t , integrate by their domains and sum up the results. We obtain identity
where Q 2 (r, t) is defined in (3.4) . We estimate the right-hand side of (3.12)
Therefore, from (3.12) we obtain the required inequality 
where H 2 (t) is the right-hand side of inequality (3.13) and the function E(t) is estimated by expression (3.10). Taking into account the replacement of (3.1), we obtain the estimate
Similarly, differentiating problem for v 1 (r, t) , v 2 (r, t) by t, we get a priori estimate of form (3.15) : t) should be replaced by a 1t (R 1 , t) , a 1tt (R 1 , t) , respectively. These estimates, in view of the first equality in (1.6) and the inequalities (2.20), (2.21), are already known.
To estimate |v 1 (r, t)|, we proceed as follows. We consider the problem v 1t = ν 1
assuming v 2 (R 1 , t) to be known, satisfying estimate (3.15 ). The solution of this problem is given by formula
19)
ξ n are the roots of the Bessel function J 0 (ξ n )=0. Note that f 1 (t) is unknown; we find its relationship with v 1 . Multiplying the equation (3.16) by r and integrating from 0 to R 1 , we find
20)
where the second equality (1.3) is used. In equality (3.20) we do not have an estimate for the first summand, the second can be estimated using inequality (3.16) . We differentiate equation (3.17) with respect to r and introduce a new function V (r, t) = v 1r (r, t). We obtain the equation for it following:
where |V (0, t)| < ∞. The second boundary condition for V is found from the consideration of the integral
with known a priori estimate function g(t), g(0) = 0 (we use the second equation applied (1.3). We change the function V :
The problem for V (r, t) takes the form (it is nonclassical) 
, (3.26) where ζ n are the positive roots of equation J 2 (ζ) = 0 and we obtain
27)
where h 1 n and h 2 n are defined by formulas
(3.28)
Proof. Since the formula is valid [9] 
here k 1 is integer. Then the solution of problem (3.24), (3.25 ) should be searched for as a Fourier series (we have k = 2) (3.26), since [12] ζJ ′ 1 (ζ) − J 1 (ζ) = −ζJ 2 (ζ), the roots of the equation J 2 (ζ) = 0 are the roots of function ζJ ′ 1 (ζ) − J 1 (ζ). The presentation of (3.26) takes place [12] .
Substitution of (3.26) in (3.24), (3.25) leads to the Cauchy problem
29)
where h 1 n , h 2 n are coefficients of Fourier series of functions 15r 2 − 48R 1 r/7, 6R 1 r 3 /7 − r 4 respectively, defined by formulas (3.28). From (3.29) we find that the solution of problem (3.24), (3.25) has form (3.27).
2
Taking into account replacement (3.23), we obtain an expression for the function v 1r (R 1 , t) :
The series in (3.30) and series (3.26) converge uniformly. Really we have
Since the equality J k−1 (z)+J k+1 (z) = 2kz −1 J k (z) is valid [9] , so we obtain J 3 (ζ n ) = −J 1 (ζ n ) (we recall, that J 2 (ζ n ) = 0) and so the expression for the function h 1 n and h 2 n have following the form
where β 1 n , β 2 n are coefficients of Fourier series of functions −15R 1 r and 3R 1 (r 3 − 4R 1 r 2 /7) when they are decomposed by function J 2 (R −1 1 ζ n r). The series ∞ ∑ n=1 (β j n ) 2 converge, and then, by virtue
, the series
converge, since ζ n ∼ nπ at n ≫ 1. Moreover we obtain [11] ∞ ∑ n=1 1/n 2 π 2 = 1/12.
As for the second term in (3.30) its is less or equal then to
with obviously convergent series.
Remark 3. In the preceding arguments we used the well-known inequality |J k (z)| 1, where the constant k > 0 is integer [9] .
Remark 4. Following the monographs [10, 12] , we can show that the function V (r, t) is the sum of series (3.26 ) and it has derivatives of all orders on r and t at t ε > 0. In particular, the solution of problem (3.24), (3.25) is classical.
From ( where the functions modules |v 2 (R 1 , t)|, |f 1 (t)| satisfies estimates (3.15) and (3.33). The series in (3.35) converge, since ξ n ∼ nπ, |J 1 (ξ n )| ∼ 1/ √ n at n ≫ 1. Thus, we have Theorem 3.1. The solutions of the initial-boundary value problem (1.1)-(1.7), (1.15 ) v j (r, t) and the function f j (t) are limitation for all r ∈ [0, R 1 ] (j = 1) and r ∈ [R 1 , R 2 ] (j = 2), and t ∈ [0, T ]. Estimates (3.15), (3.35 ) are valid for function v j (r, t) and estimates (3.33), (3.34) take place for function f j (t).
Conclusion
One partially invariant solution of the equation describing the axisymmetric motion of a viscous heat-conducting liquid is studied. As a result, the unimprovable uniform priori estimates for the solutions of the conjugate problem posed are obtained for small Marangoni number.
